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This note consists of the lecture material (the main document), four homework (in-
dexed by “Homework”) and several personal comments (indexed by “Note”).

1 Inequalities

1.1 Chebyshev’s Inequality
Consider a random variable X , ∀x > 0,

1.1.1 Basic form

P (X ≥ x) ≤ E|X|
x

,

more precisely,

P (X ≥ x) ≤ E[X1(X ≥ x)]

x
.

It is important to know the proof idea:

1(X ≥ x) ≤ X+

x
.

1.1.2 Generating function

P (X ≥ x) = P (etX ≥ etx) ≤ EetX

etx
= e−txE(etX)

1.1.3 Two dimensional case

Note that
1[(X, Y ) ∈ A] ≤ exp[sX + tY − inf

(x,y)∈A
(sx+ ty)] ,

then we have
P ((X,Y ) ∈ A) ≤ exp[− inf

(x,y)∈A
(sx+ ty)]E(esX+tY )
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1.2 Lyapunov’s Inequality
If 0 ≤ r ≤ s ≤ t,

E|X|s ≤ [E|X|r]
t−s
t−r [E|X|t]

s−r
t−r . (1)

Homework 1. Verify (1). Hints: Hölder’s Inequality.
If p, q ∈ [1,∞] with 1/p+ 1/q = 1, then

E|XY | ≤ [E|X|p]1/p[E|Y |q]1/q .

Proof. Let
1

p
=
t− s

t− r
,

1

q
=
s− r

t− r
,

which satisfy 1/p+ 1/q = 1, and we have r/p+ t/q = s, then by Hölder’s Inequality,

E|X|s = E|X|r/p|X|t/q

≤
[
E(|X|r/p)p

]1/p [
E(|X|t/q)q

]1/q
= [E|X|r]

t−s
t−r [E|X|t]

s−r
t−r .

1.3 Kimball’s Inequality
Theorem 1. Suppose g(x) and h(x) are monotone increasing function, then

Eg(X)h(X) ≥ Eg(X)Eh(X) .

Proof. Let X, Y be independent random variable satisfy X d
= Y , then

2Eg(X)Eh(X) = Eg(X)Eh(Y ) + Eg(Y )Eh(X)

= E[g(X)h(Y ) + g(Y )h(X)]

≤ E[g(X)h(X) + g(Y )h(Y )] ,

where the inequality is due to

g(X)h(Y ) + g(Y )h(X)− g(X)h(X)− g(Y )h(Y ) = −(g(X)− g(Y ))(h(X)− h(Y )) ≤ 0 .

If g(x) is monotone increasing while h(x) is monotone decreasing, then

Eg(X)h(X) ≤ Eg(X)Eh(X) .
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1.4 Bennett-Hoeffding’s Inequality
Theorem 2. Let Xn be independent random variables and let Sn =

∑n
i=1Xi. Assume that

EXi ≤ 0, Xi ≤ a(a > 0) for each 1 ≤ i ≤ n, and
∑n

i=1 EX
2
i ≤ B2

n. Then

P (Sn ≥ x) ≤ exp
(
− x2

2B2
n + ax

)
(2)

P (Sn ≥ x) ≤ exp
(
− B2

n

a2

[(
1 +

ax

B2
n

)
log
(
1 +

ax

B2
n

)
− ax

B2
n

])
(3)

where the second conclusion implies the first conclusion.
Proof. Intuitively,

(1 + y) log(1 + y)− y = (1 + y)(y − y2

2
+
y3

3
− · · · )− y = y + y2 − y2

2
+ · · · − y =

y2

2
· · · ,

and we always have

(1 + y) log(1 + y)− y ≥ y2

2(1 + y)
.

Note that for t > 0,

P (Sn ≥ x) ≤ e−txEetSn = e−tx
n∏
i=1

EetXi .

If s ≤ a, we can find Ca such that

es ≤ 1 + s+ s2Ca

for any s ≤ a, where

Ca = sup
s≤a

es − (1 + s)

s2
=
ea − (1 + a)

a2
.

Then

EetXi ≤ E
[
1 + tXi + t2X2

i

(eta − 1− ta

t2a2

)]
= 1 + EX2

i

eta − 1− ta

a2

≤ exp
[
EX2

i

eta − 1− ta

a2

]
,

it follows that

P (Sn ≥ x) ≤ e−tx exp
(∑

EX2
i

eta − 1− ta

a2

)
≤ exp

(
− tx+B2

n

eta − 1− ta

a2

)
≜ exp(g(t)) .

Choose t to minimize g(t) by letting

g′(t) = −x+ B2
n

a2
(aeta − a) = 0 ,

and
t =

1

a
log
(xa+B2

n

xa

)
.
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Corollary 1. If EXi ≤ 0 and
∑

EX2
i ≤ B2

n, then for p ≥ 1 and x > 0,

P (Sn ≥ xBn) ≤ P

(
max
1≤i≤n

Xi ≥
xBn

p

)
+

(
3p

p+ x2

)p
.

Proof. By truncation, let Yi = Xi1(Xi ≤ xBn/p), then

EYi = EXi − EXi1

(
Xi >

xBn

p

)
≤ 0

and Yi ≤ xBn

p
. Then

P (Sn ≥ xBn) ≤ P

(
maxXi ≥

xBn

p

)
+ P

(
Sn ≥ xBn,maxXi <

xBn

p

)
.

For the second term,

P

(
Sn ≥ xBn,maxXi <

xBn

p

)
≤ P (

∑
Yi ≥ xBn)

≤ exp
[
− p2

x2

((
1 +

x2

p

)
log
(
1 +

x2

p

)
− x2

p

)]
≤ exp

[
− p log

(
1 +

x2

p

)
+ p
]

=
[1
e

(
1 +

x2

p

)]−p

1.5 Rosenthal’s Inequality
If Xi are independent random variable and EXi = C, and E|Xi|p <∞ when p ≥ 2. Then

E|Sn|p ≤ Cp

[
(ES2

n)
p/2 +

n∑
i=1

E|Xi|p
]

(4)

E|Sn|p ≥ Dp

[
(ES2

n)
p/2 +

n∑
i=1

E|Xi|p
]

(5)

Proof of (4). For x ≥ 0, we have

g(x) = g(0) +

∫ x

0

g′(t)dt = g(0) +

∫ ∞

0

g′(t)1(t ≤ x)dt ,

then
Eg(X) = g(0) +

∫ ∞

0

g′(t)P (X ≥ t)dt .
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A special case is

E|X|p =
∫ ∞

0

pxp−1P (|X| ≥ x)dx .

Furthermore, it can be extended to negative x by

g(x) = g(0) +

∫ ∞

−∞
g′(t) [1(0 < t ≤ x)− 1(x ≤ t < 0)] dt .

Note that

E|Sn|p =
∫ ∞

0

p|Sn|p−1P (|Sn| ≥ x)dx

= Bp
n

∫ ∞

0

pxp−1P (|Sn| ≥ xBn)dx

≤ Bp
n

n∑
i=1

∫ ∞

0

pxp−1P

(
|Xi| ≥

xBn

p

)
dx+Bp

n

∫ ∞

0

pxp−1 · 2 ·
(

3p

p+ x2

)p
dx ,

where B2
n = ES2

n, and in the first term,

Bp
n

∫ ∞

0

pxp−1P

(
|Xi| ≥

xBn

p

)
dx = Bp

n

∫ ∞

0

p · p
p−1

Bp−1
n

P (|Xi| ≥ y)
p

Bn

dy

= pp
∫ ∞

0

pyp−1P (|Xi| ≥ y)dy

= ppE|Xi|p ,

and the integral in the second term is finite since p > 2, then

E|Sn|p ≤ Cp

[
(ES2

n)
p/2 +

n∑
i=1

E|Xi|p
]
.

Homework 2. Verify (5).

Proof. In the Lyapunov’s Inequality (1), let r = 0, then we have

E|X|s ≤ [E|X|t]s/t .

Since p ≥ 2, then
ES2

n ≤ [E|Sn|p]2/p ,

that is,
(ES2

n)
p/2 ≤ E|Sn|p .

By Marcinkiewicz-Zygmund inequality, there exists Ap such that

E|Sn|p ≥ ApE

([∑
X2
i

]p/2)
,
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and since X2
i ≥ 0 and p ≥ 2, then we have

E

([∑
X2
i

]p/2)
≥ E

(∑
(X2

i )
p/2
)
= E

(∑
|Xi|p

)
,

thus take Dp =
1

Ap+1
,

E|Sn|p ≥ Dp

[
(ES2

n)
p/2 +

n∑
i=1

E|Xi|p
]
.

1.6 Nonnegative Random Variables
Theorem 3. Assume that Xi ≥ 0 with EX2

i < ∞. Let µn =
∑n

i=1EXi and B2
n =

∑n
i=1EX

2
i .

Then for x > 0,

P (Sn ≤ µn − x) ≤ exp

(
− x2

2B2
n

)
.

Proof. Note that

P (Sn ≤ µn − x) = P (−Sn ≥ −µn + x) ≤ e−t(−µn+x)Ee−tSn .

Since if s ≤ a, we have es ≤ 1 + s + s2Ca, now if s ≤ 0, then es ≤ 1 + s + s2/2, it follows
that

e−tXi ≤ 1− tXi +
t2X2

i

2
,

and hence
Ee−tXi ≤ 1− EtXi +

t2

2
EX2

i ≤ exp

(
−tEXi + t2

EX2
i

2

)
.

Thus,

e−t(−µn+x)Ee−tSn ≤ exp

(
tµn − tx− t

n∑
i=1

EXi + t2
n∑
i=1

EX2
i /2

)
= exp(−tx+ t2B2

n/2) ,

which is maximized when t = x/B2
n, so

P (Sn ≤ µn − x) ≤ exp

(
− x2

B2
n

)
.

Theorem 4 (Bernoulli Random Variables). Assume that P (Xi = 1) = pi and P (Xi = 0) =
1− pi. Then for x > 0,

P (Sn ≥ x) ≤
(µe
x

)x
,

where µ =
∑n

i=1 pi.
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1.7 Symmetric Random Variables
Theorem 5. If εi are independent random variables with P (εi = 1) = P (εi = −1) = 1/2, then
for any x > 0,

P

( ∑n
i=1 aiεi√∑n
i=1 a

2
i

≥ x

)
≤ e−x

2/2 .

Proof. Without loss of generality, assume
∑n

i=1 a
2
i = 1. Since

1

2
(es + e−s) ≤ es

2/2 ,

which can be showed easily by Taylor expansion, then we have

Eetaiεi =
1

2
(etai + e−tai) ≤ e

1
2
t2a2i .

It follows that

P (
n∑
i=1

aiεi ≥ x) ≤ e−txEet
∑n

i=1 aiεi

≤ e−tx
n∏
i=1

e
1
2
t2a2i

= exp

(
−tx+ 1

2
t2

n∑
i=1

a2i

)

= exp

(
−tx+ 1

2
t2
)
,

which is maximized when t = x, thus

P (
n∑
i=1

aiεi ≥ x) ≤ e−
x2

2 .

Theorem 6. If X1, . . . , Xn are independent symmetric, i.e., Xi
d
= −Xi, then for any x > 0,

P

( ∑n
i=1Xi√∑n
i=1X

2
i

≥ x

)
≤ e−x

2/2 .

Proof. Introduce independent {εi} random variables and P (εi = −1) = P (εi = 1) = 1/2,
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then Xi
d
= Xiεi. Thus,

P

( ∑n
i=1Xi√∑n
i=1Xi

≥ x

)
= P

( ∑n
i=1Xiεi√∑n
i=1(Xiεi)2

≥ x

)

= P

( ∑n
i=1Xiεi√∑n
i=1X

2
i

≥ x

)

= E

[
P

( ∑n
i=1Xiεi√∑n
i=1X

2
i

≥ x

) ∣∣∣ X1, . . . , Xn

]
= Ee−x

2/2 = e−x
2/2 .

Theorem 7 (He and Shao, 2000). LetX1, . . . , Xn be independent random variables withEXi =
0 and

∑n
i=1EX

2
i ≤ B2

n. Let Sn =
∑n

i=1Xi and V 2
n =

∑n
i=1X

2
i , then

P (Sn ≥ x(Vn + 4Bn)) ≤ 2e−x
2/2 .

Proof. Introduce independent copy of {Xi}, {Yi}, then {Xi − Yi} are symmetric, then

P

 n∑
i=1

(Xi − Yi) ≥ x

√√√√ n∑
i=1

(Xi − Yi)2

 ≤ e−x
2/2 .

By triangle inequality, √∑
(Xi − Yi)2 ≤

√∑
X2
i +

√∑
Y 2
i ,

then for x ≥ 1,{∑
Xi ≥ x(Vn +Dn + Cn),

∣∣∣∑Yi

∣∣∣ ≤ Cn,
∑

Y 2
i ≤ Dn

}
⊂
{∑

(Xi − Yi) ≥ x

(√∑
(Xi − Yi)2 −Dn +Dn + Cn

)
− Cn

}
⊂
{∑

(Xi − Yi) ≥ x
√∑

(Xi − Yi)2
}
,

then

P
(∑

Xi ≥ x(Vn +Dn + Cn), |
∑

Yi| ≤ Cn

)
P
(
|
∑

Yi| ≤ Cn,
∑

Y 2
i ≤ Dn

)
≤ P

(∑
(Xi − Yi) ≥ x

√∑
(Xi − Yi)2

)
.

Choose Cn = 2Bn and Dn = 2Bn, then

P
(
|
∑

Yi| > Cn

)
≤ E(

∑
Yi)

2

C2
n

=
1

4

P
(∑

Y 2
i ≥ D2

n

)
≤
∑
EY 2

i

D2
n

=
1

4
.
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By the inequality
P (AB) ≥ 1− P (Ac)− P (Bc) ,

we have
P
(
|
∑

Yi| ≤ Cn,
∑

Y 2
i ≤ Dn

)
>

1

2
,

and hence
P
(∑

Xi ≥ x(Vn + 4Bn)
)
≤ 2e−x

2/2 .

Open Question 1 (Conjecture). If
∑
a2i = 1, then

P (|
∑

aiεi| > 1) ≤ 1/2 ,

more generally,
P (|

∑
aiεi| > y) + P (|

∑
aiεi| > 1/y) ≤ 1 .

2 Stein’s Method
Let W be a real-valued random variable. If W has a standard normal distribution, then

Ef ′(W ) = EWf(W )

for any absolutely continuous function f with E|f ′(W )| < ∞. If the equation holds for
any continuous and piecewise continuously differentiable functions f : IR → IR with
|f ′(Z)| <∞, then W has a standard normal distribution.

The Stein’s equation is

f ′(w)− wf(w) = 1(w ≤ z)− Φ(z) ,

and a more general one:

f ′(w)− wf(w) = h(w)− Eh(Z).

We want to bound

∆n = sup
z

|P (X ≤ z)− P (Z ≤ z)| = sup
z

|P (X ≤ z)− Φ(z)| .

The key idea is this:
E[Y f(Y )] = E[f ′(Y )]

for all smooth f iff Y ∼ N(0, 1). This suggests the following idea: if we can show that
E[Y f(Y )− f ′(Y )] is close to 0, then Y should be almost Normal.

The Stein function f associated with h is a function satisfying

f ′(x)− xf(x) = h(x)− E[h(Z)] .

9
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It then follows that
E[h(X)]− E[h(Z)] = E[f ′(X)−Xf(X)]

and showing that X is close to normal amounts to showing that E[f ′(X) − Xf(X)] is
small.

Choose any z ∈ IR, and let h(x) = I(X ≤ z) − Φ(z). Let fz denote the Stein function
for h; thus

f ′
z(x)− xf(x) = I(x ≤ z)− Φ(z) .

Let F = {fz : z ∈ IR}. From the equation f ′(x)− xf(x) = h(x)− E[h(Z)] it follows that

P (X ≤ z)− P (Y ≤ z) = E[f ′(X)−Xf(X)]

and so
∆n = sup

n
|P (X ≤ z)− P (Z ≤ z)| ≤ sup

f∈F
|E[f ′(X)−Xf(X)]| .

Example 1 (Sums of Independent Random Variables). Let ξ1, . . . , ξn be independent random
variable such that Eξi = 0 for 1 ≤ i ≤ n and

∑n
i=1 Eξ

2
i = 1. Let W =

∑n
i=1 ξi.

Proof. Our goal is to estimate

Eh(W )− Eh(Z) = Ef ′(W )− E[Wf(W )] .

The main idea of Stein’s method is to rewrite E[Wf(W )] in terms of a functional of f ′.

E[Wf(W )] =
n∑
i=1

E[ξif(W )]

=
n∑
i=1

E
[
ξi(f(W )− f(W − ξi))

]
=

n∑
i=1

E
[
ξi(f(W

(i) + ξi)− f(W (i)))
]

Let W (i) = W − ξi

=
n∑
i=1

E
[
ξi

∫ ∞

−∞
f ′(W (i) + t)[1(0 < t < ξi)− 1(ξi < t < 0)]dt

]
=

n∑
i=1

∫ ∞

−∞
Ef ′(W (i) + t)E[ξi(1(0 < t < ξi)− 1(ξi < t < 0))]dt

=
n∑
i=1

∫ ∞

−∞
Ki(t)dt .

Thus, for very nice f ,

E[Wf(W )] =
n∑
i=1

E

∫ ∞

−∞
f ′(W (i) + t)Ki(t)dt .

10
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From
∑n

i=1

∫∞
−∞Ki(t)dt =

∑n
i=1 Eξ

2
i = 1, it follows that

Ef ′(W ) =
∑
i=1

E

∫ ∞

−∞
f ′(W )Ki(t)dt .

Thus,

Ef ′(W )− E[Wf(W )] =
n∑
i=1

E

∫ ∞

−∞
[f ′(W )− f ′(W (i) + t)]Ki(t)dt .

By the mean value theorem,

|f ′(W (i) + t)− f ′(W )| ≤ ∥f ′′∥(|t|+ |ξi|) .

Then

E

∫ ∞

−∞
|f ′(W (i) + t)− f ′(W )|Ki(t)dt ≤ ∥f ′′∥E

∫ ∞

−∞
(|t|+ |ξ|)Ki(t)dt

= ∥f ′′∥
(1
2
E|ξi|3 + E|ξi|Eξ2i

)
≤ 3

2
∥f ′′∥E|ξi|3

≤ 3∥h′′∥E|ξi|3 .

Thus,

|Eh(W )− Eh(Z)| ≤ 3∥h′′∥
3∑
i=1

E|ξi|3 .

More sharp bound can be

|f ′(W (i) + t)− f ′(W )| ≤ 2∥h′′∥min(|t|+ |ξi|, 1) .

Theorem 8. Assume that there exists δ such that for any h satisfying ∥h′∥ ≜ supw |h′(w)| <∞.
Then

sup
z

|P (W ≤ z)− Φ(z)| ≤ 2δ1/2 .

Proof.

P (W ≤ z)− Φ(z) ≤ Ehε(W )− Ehε(Z) + Ehε(Z)− E1(Z ≤ z)

≤ δ

ε
+ E1(z ≤ Z ≤ z + ε)

=
δ

ε
+ ε .

Take ε =
√
δ.

Theorem 9 (Berry-Esseen Bound). supz |P (W ≤ z)− Φ(z)| ≤ 4.1
∑n

i=1E|ξi|3 .

11
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Proof. Note that

Ef ′(W )− EWf(W ) =
n∑
i=1

E

∫ ∞

−∞
(f ′(W )− f ′(W (i) + t)Ki(t))dt ,

where

E

∫
(f ′(W )− f ′(W (i) + t))Ki(t)Ki(t)dt

= E

∫
(Wf(W )− (W (i) + t)f(W (i) + t))Ki(t)dt+ E

∫
(1(W ≤ z)− 1(W (i) + t ≤ z))Ki(t)dt

≜ Ai,1 + Ai,2 .

Since∣∣Wf(W )− (W (i) + t)f(W (i) + t)
∣∣ = ∣∣(W (i) + ξi)f(W )− (W (i) + t)f(W (i) + t)

∣∣
=
∣∣W (i)[f(W )− f(W (i) + t)] + ξif(W )− tf(W (i) + t)

∣∣
≤ |W (i)|(|t|+ |ξi|) + |ξi|+ |t|
= (|W (i)|+ 1)(|t|+ |ξi|) ,

then ∑
E

∫
(W (i) + 1)(|t|+ |ξi|)Ki(t)dt ≤ 2

∑
E|ξi|3 ·

3

2
= 3

∑
E|ξi|3 ,

and hence |Ai,1| ≤ 3
∑
E|ξi|3. The second term Ai,2 can be written as

Ai,2 =

∫ (
P (W (i) ≤ z − ξi)− P (W (i) ≤ z − t)

)
Ki(t) ≤

∫
P (z− t < W (i) < z− ξi)Ki(t)dt ,

and we claim that

P (a ≤ W (i) ≤ b) ≤ b− a+ 2
n∑
i=1

E|ξ3i | ,

which is the following theorem.

Theorem 10. W =
∑
ξi, where Eξi = 0 and

∑
Eξ2i = 1, then

P (a ≤ W ≤ b) = b− a+ 2r ,

where r =
∑

E|ξi|3.

12
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Proof.

E[Wf(W )] =
n∑
i=1

E[ξif(W )] =
n∑
i=1

E[ξi(f(W )− f(W − ξi))]

=
n∑
i=1

E
[
ξi

∫ 0

−ξi
f ′(W + t)dt

]
=

n∑
i=1

E
[
ξi

∫ ∞

−∞
f ′(W + t)(1(−ξi < t < 0)− 1(0 < t < −ξi))dt

]
=

n∑
i=1

E
[ ∫ ∞

−∞
f ′(W + t)ξi(1(−ξi < t < 0)− 1(0 < t < −ξi))dt

]
≜

n∑
i=1

E

∫ ∞

−∞
f ′(W + t)K̂i(t)dt .

Let

f(w) =


− b−a

2
− δ if w < a− δ

w − a+b
2

if a− δ ≤ w ≤ b+ δ
b−a
2

+ δ if w > b+ δ

,

then
E[Wf(W )] ≤ (

b− a

2
+ δ)E|W | ≤ b− a

2
+ δ ,

and
n∑
i=1

E

∫ ∞

−∞
f ′(W + t)K̂i(t)dt ≥

n∑
i=1

E

[
1(a ≤ W ≤ b)

∫
|t|≤δ

K̂i(t)dt

]
=

n∑
i=1

E [1(a ≤ W ≤ b)|ξi|min(|ξi, δ)]

= E

[
1(a ≤ W ≤ b)

n∑
i=1

|ξi|min(|ξi|, δ)

]

= E

[
1(a ≤ W ≤ b)

n∑
i=1

ηi

]
= E

[
1(a ≤W ≤ b)

∑
Eηi

]
+ E

[
1(a ≤ W ≤ b)

∑
(ηi − Eηi)

]
≥ P (a ≤ W ≤ b)

∑
Eηi − E

∣∣∣∑ ηi − Eηi

∣∣∣
≥ P (a ≤ W ≤ b)

∑
Eηi − δ ,

where the last inequality is follows from

E
∣∣∣∑ ηi − Eηi

∣∣∣ ≤
√√√√ n∑

i=1

Eη2i ≤

√√√√ n∑
i=1

Eξ2i δ
2 = δ .

13
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Thus,
b− a

2
+ δ ≥ P (a ≤ W ≤ b)

∑
Eηi − δ .

Note that
min(x, y) ≥ x− x2

4y
x > 0, y > 0 .

Then ∑
Eηi ≥

∑
E(ξ2i −

|ξi|3

4δ
) = 1− 1

4δ
E|ξi|3 ,

take δ =
∑

E|ξi|3/2, then we have

P (a ≤ W ≤ b) ≤ b− a+ 4δ .

2.1 Randomized Concentration Inequality
Theorem 11 (Randomized Concentration Inequality). Let ξ1, ξ2, . . . , ξn be independent
random variables satisfying Eξi = 0 and E|ξi|3 < ∞ for each 1 ≤ i ≤ n and such that∑n

i=1Eξ
2
i = 1. Let W =

∑n
i=1 ξi,∆1 = ∆1(ξ1, . . . , ξn),∆2 = ∆2(ξ1, . . . , ξn). Then

P (∆1 ≤ W ≤ ∆2) ≤ 4
n∑
i=1

E|ξi|3+E|W (∆2−∆1)|+
n∑
i=1

E|ξi(∆1−∆1,i)|+
n∑
i=1

E|ξi(∆2−∆2,i)| ,

where ∆1,i and ∆2,i are Borel measurable functions of (ξj, 1 ≤ j ≤ n, j ̸= i).

Proof. Let

fa,b(w) =


− b−a

2
− δ if w ≤ a− δ

w − a+b
2

if a− δ ≤ w ≤ b+ δ
b−a
2

+ δ if w ≥ b+ δ

,

then

EWf∆1,∆2(W ) =
n∑
i=1

Eξi(f∆1,∆2(W )−f∆1,∆2(W−ξi))+
n∑
i=1

Eξi(f∆1,∆2(W−ξi)−f∆1i,∆2i
(W−ξi)) .

It can be verified that

|f∆1,∆2(w)− f∆1,i,∆2,i
(w)| ≤ |∆1 −∆1,i|/2 + |∆2 −∆2,i|/2 ,

then yields∣∣∣∣∣
n∑
i=1

Eξi(f∆1,∆2(W − ξi)− f∆1i,∆2i
(W − ξi))

∣∣∣∣∣ ≤ 1

2

[
n∑
i=1

E|ξi(∆1 −∆1,i)|+
n∑
i=1

E|ξi(∆2 −∆2,i)|

]

More details can be found in Chen, Goldstein, and Shao (2010).
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2.2 U -Statistics
Let X1, X2, . . . , Xn be a sequence of i.i.d. random variables, and for some m ≥ 2, let
h(x1, . . . , xm) be a symmetric, real-valued function, where m < n/2 may depend on n,
and let θ = Eh(Xi1 , . . . , Xim). The class of U -statistics are those random variables that
can be written as

Un =

(
n

m

)−1 ∑
1≤i1<···<im≤n

h(Xi1 , . . . , Xim) .

Here we focus on m = 2 with symmetric kernel h(x, y) = h(y, x), and θ = Eh(X1, X2).
Without loss of generality, assume θ = 0. Let g(x) = Eh(x,X), then we can decompose
the U -statistic as follows:

∑
1≤i<j≤n

h(Xi, Xj) =
n∑
j=2

j−1∑
i=1

(
h(Xi, Xj)− g(Xi)− g(Xj)

)
+

n∑
j=2

j−1∑
i=1

(g(Xi) + g(Xj))

=
n∑
j=2

j−1∑
i=1

(
h(Xi, Xj)− g(Xi)− g(Xj)

)
+ (n− 1)

n∑
i=1

g(Xi) .

Then

Un =
1(
n
2

) ∑
1≤i<j≤n

h(Xi, Xj)

=
2

n

∑
g(Xi) +

2

n(n− 1)

n∑
j=2

j−1∑
i=1

(h(Xi, Xj)− g(Xi)− g(Xj))

=
2

n

∑
g(Xi) +

2

n
∆n .

If Eh2(X1, X2) <∞ and σ2
1 = Var(g(X1)) > 0, we have the central limit theorem,

sup
x

∣∣∣P(√n
2σ1

Un ≤ x
)
− Φ(x)

∣∣∣→ 0 as n→ ∞ .

3 Exchangeable pair
Let Wn be a sequence of random variables. Using the exchangeable pair approach of
Stein’s method, we can identify the limiting distribution of Wn as well as the L1 bound of
the approximation.

Write W = Wn and let (W,W ′) be an exchangeable pair, that is, (W,W ′) and (W ′,W )
have the same joint distribution. Put ∆ = W −W ′, for the normal approximation, assume
that

E(∆ | W ) = λ(W +R1) .

15
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Note that if h(x, y) = −h(y, x), then Eh(W,W ′) = −Eh(W ′,W ) = −Eh(W,W ′), and
hence Eh(W,W ′) = 0, then

0 = E[(W −W ′)(f(W ) + f(W ′))]

= 2E[(W −W ′)f(W )]− E[(W −W ′)(f(W )− f(W ′))]

= 2E{E[(W −W ′)f(W ) | W ]} − E{∆[f(W )− f(W −∆)]}
= 2E{f(W )E(W −W ′ | W )} − E{∆[f(W )− f(W −∆)]}

= 2E[f(W )λ(W +R1)]− E[∆

∫ 0

−∆

f ′(W + t)dt]

= 2λ

[
E(Wf(W )) + E(f(W )R1)− E

∫ ∞

−∞
f ′(W + t)K̂(t)dt

]
,

where
K̂(t) =

∆ [1(−∆ ≤ t < 0)− 1(0 ≤ t ≤ −∆)]

2λ

is nonnegative, and
∫∞
−∞ K̂(t)dt = ∆2

2λ
,
∫∞
−∞ |t|K̂(t)dt = |∆|3

4λ
. It follows that

EWf(W ) = E

(∫ ∞

−∞
f ′(W + t)K̂(t)dt

)
− E[f(W )R1] .

Then, for any absolutely continuous function h with ∥h′∥ <∞,

|Eh(W )− Eh(Z)| ≤ 2∥h′∥
(
E
∣∣∣1− 1

2λ
E(∆2 | W )

∣∣∣+ 1

λ
E|∆|3 + E|R|

)
.

Proof. Consider the Stein equation,

f ′(w)− wf(w) = h(w)− Eh(Z) .

Note that

Eh(W )− Eh(Z) = Ef ′(W )− EWf(W )

= Ef ′(W )− E

∫ ∞

−∞
f ′(W + t)K̂(t)dt

= Ef ′(W )− E

∫ ∞

−∞
(f ′(W + t)− f ′(W ) + f ′(W ))K̂(t)dt+ E[R1f(W )]

= E

(
f ′(W )− f ′(W )

∆2

2λ

)
− E

∫ ∞

−∞
[f ′(W + t)− f ′(W )]K̂(t)dt+ ER1f(W ) ,

where the first term

E

[
f ′(W )

(
1− ∆2

2λ

)]
= E

[
f ′(W )

(
1− E(∆2 | W )

2λ

)]
can be bounded by 2∥h′∥E

∣∣∣1− E(∆2|W )
2λ

∣∣∣, and it is not proper to directly bound by f ′(W )

in the first equation, which is not sharp.
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Since |f ′(W + t)− f ′(W )| ≤ |t|∥f ′∥, then the second term

E

∫ ∞

−∞
[f ′(W + t)− f ′(W )]K̂(t)dt ≤ 2 ≤ 2∥h′∥E|∆|3

4λ

Now consider how to constructW ′ in general, denoteW = W (ξ1, . . . , ξn), where ξi are
independent, let

W ′ = W (ξ1, . . . , ξ
′
I , . . . , ξn) ,

where I is a random index, which is independent of other random variables, P (I = k) = 1
n

for 1 ≤ k ≤ n, and {ξ′i} are independent copy of {ξi}, then (W,W ′) is exchangeable.

Homework 3. Verify the above property.

Proof. Note that

P (W = w,W ′ = w′) = E[P (W = w,W ′ = w′ | I)]

=
1

n

n∑
i=1

P (W = w,W ′ = w′ | I = i)

=
1

n

n∑
i=1

P (W = w′,W = w | I = i)

= E[P (W = w′,W ′ = w | I)]
= P (W = w′,W ′ = w) ,

which implies that (W,W ′) is exchangeable.

Consider a special case,W =
∑n

1 ξi, where ξi are independent,Eξi = 0 and
∑n

i=1Eξ
2
i =

1, then W ′ = W − ξI + ξ′I , that is, W −W ′ = ξI − ξ′I , it follows that

E(W −W ′ | W ) = E(ξI − ξ′I | W ) =
1

n

n∑
i=1

E(ξi − ξ′i | W ) .

Note that conditioning on a larger class, we have

1

n

n∑
i=1

E(ξi − ξ′i | ξj, 1 ≤ j ≤ n) =
1

n

(
n∑
i=1

(ξi − Eξ′i)

)
=

1

n

n∑
i=1

ξi =
1

n
W ,

thus E(W −W ′ | W ) = W/n. And we have

E|∆|3

λ
= nE|ξI − ξ′I |3 = n× 1

n

n∑
i=1

E(ξi − ξ′i)
3 =

n∑
i=1

E(ξi − ξ′i)
3 ≤ 8

n∑
i=1

E|ξi|3 .
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Next consider

E(∆2 | ξj, 1 ≤ j ≤ n) =
1

n

n∑
i=1

E
(
(ξi − ξ′i)

2 | ξj, 1 ≤ j ≤ n
)

=
1

n

n∑
i=1

(ξ2i + E(ξ′i)
2)

=
1

n

n∑
i=1

(ξ2i + Eξ2i ) ,

then

1−E(∆
2 | ξj, 1 ≤ j ≤ n)

2λ
= 1−1

2

n∑
i=1

(ξ2i+Eξ
2
i ) =

1

2
(1−

∑
ξ2i ) =

1

2

n∑
i=1

(Eξ2i−ξ2i ) ≜
1

2

n∑
i=1

ηi ,

where Eηi = 0 and by Jensen’s Inequality,

E|
∑

ηi| ≤
√
Var(

∑
ηi) =

√∑
Var(ηi) ≤

√∑
Eη2i ≤

√∑
Eξ4i .

Here and in the sequel, Z denotes the standard normal random variable. For the
Berry-Esseen bound, we have

sup
z∈IR

|P (W ≤ z)− Φ(z)| ≤ E
∣∣∣1− 1

2λ
E(∆2 | W )

∣∣∣+ E|R|+
(E|∆|3

λ

)1/2
.

It is known that it usually fails to provide an optimal bound.

Theorem 12 (Shao and Zhang, 2019). Let (W,W ′) be an exchangeable pair satisfying

E(∆ | W ) = λ(W +R) ,

for some constant λ ∈ (0, 1) and random variable R, where ∆ = W −W ′. Then

sup
z∈IR

|P (W ≤ z)− Φ(z)| ≤ E
∣∣∣1− 1

2λ
E(∆2 | W )

∣∣∣+ E|R|+ 1

λ
E|E(∆∆∗ | W )| ,

where ∆∗ := ∆∗(W,W ′) is any random variable satisfying ∆∗(W,W ′) = ∆∗(W ′,W ) and
∆∗ ≥ |∆|.

Proof. Note that

0 = E[(W −W ′)(f(W ) + f(W ′))]

= 2λ

[
E(Wf(W )) + E(Rf(W ))− E

∫ ∞

−∞
f ′(W + t)K̂(t)dt

]
,

where
K̂(t) =

∆(1(−∆ ≤ t ≤ 0)− 1(0 ≤ t ≤ −∆))

2λ

18
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and
∫
K̂(t) = ∆2/2λ.

Let f ′(w)− wf(w) = 1(w ≤ z)− Φ(z), then

P (W ≤ z)− Φ(z) = Ef ′(W )− EWf(W )

= Ef ′(W )− E

∫
f ′(W + t)K̂(t)dt+ E[Rf(W )]

= Ef ′(W )− E

∫
[f ′(W + t)− f ′(W ) + f ′(W )]K̂(t)dt+ E[Rf(W )]

= E

[
f ′(W )

(
1− ∆2

2λ

)]
− E

∫
(f ′(W + t)− f ′(W ))K̂(t)dt+ E[Rf(W )] ,

where the first term

E

[
f ′(W )

(
1− ∆2

2λ

)]
= E

[
f ′(W )

(
1− E(∆2 | W )

2λ

)]
≤ E

∣∣∣∣1− E(∆2 | W )

2λ

∣∣∣∣ ,
and the third term

E[Rf(W )] ≤ E|R|

due to |f(W )| ≤ 1, then the main part is the second term. Note that

E

∫
(f ′(W + t)− f ′(W ))K̂(t)dt

= E

∫
[(W + t)f(W + t)−Wf(W )]K̂(t)dt+ E

∫
[1(W + t ≤ z)− 1(W ≤ z)]K̂(t)dt ,

where the second term

E

∫
(1(W + t ≤ z)− 1(W ≤ z)K̂(t))dt

=
1

2λ
E

∫
∆

∫ 0

−∆

[1(W + t ≤ z)− 1(W ≤ z)]dt

≤ 1

2λ
E [|∆|∆(1(W ′ ≤ z)− 1(W ≤ z))]

=
1

2λ
{E[|∆|(−∆)1(W ≤ z)]− E[|∆|∆1(W ≤ z)]}

= −1

λ
E[|∆|∆1(W ≤ z)]

= −1

λ
E[1(W ≤ z)E(|∆|∆ | W )]
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4 Non-normal Approximation
Let Y have density p, and letting f be an absolutely continuous function satisfied f(a+) =
f(b−) = 0, then we have

E[f ′(Y ) + f(Y )p′(Y )/p(Y )] = E[(f(Y )p(Y ))′/p(Y )]

=

∫ b

a

(f(y)p(y))′dy

= f(b−)p(b−)− f(a+)p(a+) = 0 .

For any measurable function h with E|h(Y )| < ∞, let f = fh be the solution to the Stein
equation

f ′(w) + f(w)p′(w)/p(w) = h(w)− Eh(Y ) ,

which can be rewritten as
(f(y)p(y))′ = (h(w)− Eh(Y ))p(w) ,

it follows that

f(y) =
1

p(y)

∫ y

−∞
p(t)(h(t)− Eh(Y ))dt

= − 1

p(y)

∫ ∞

y

p(t)(h(t)− Eh(Y ))dt .

Lemma 1 (Properties of the Stein Solution). Under certain conditions:
• ∥f∥ ≤ C1∥h∥, ∥f ′∥ ≤ C2∥h∥

• ∥f∥ ≤ C3∥h′∥, ∥f ′∥ ≤ C4∥h′∥, ∥f ′′∥ ≤ C5∥h′∥.
Theorem 13. Let (W,W ′) be exchangeable pair, assume that

(i) E(W −W ′ | W ) = λ(g(W ) +R(W )), actually it is not a condition, but always exists.

(ii) E(∆2 | W )

2λ

p→ 1, where ∆ = W −W ′.

(iii) E|∆|3

λ
→ 0 and E|R| → 0.

then W d→ Y , where Y has pdf p(y) = c1e
−G(y), where G(y) =

∫ y
0
g(t)dt.

Proof. Note that
0 = E[(W −W ′)(f(W ′) + f(W ))]

= 2Ef(W )(W −W ′) + E(W −W ′)(f(W ′)− f(W ))

= 2E[f(W )E(W −W ′ | W )]− E∆

∫ 0

−∆

f ′(W + t)dt

= 2λ

[
Ef(W )g(W ) + f(W )R(W )− 1

2λ
E

(
∆

∫ ∞

−∞
f ′(W + t)[1(−∆ ≤ t ≤ 0)− 1(0 ≤ t ≤ −∆)]dt

)]
= 2λ

[
Ef(W )g(W ) + f(W )R(W )− 1

2λ
E

∫ ∞

−∞
f ′(W + t)K̂(t)dt

]
,
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where
K̂(t) = E[∆(1(−∆ ≤ t ≤ 0)− 1(0 ≤ t ≤ −|Delta)) | W ] ,

and
∫∞
−∞ K̂(t)dt = E(∆2 | W ). By comparing, we should have

p′(y)

p(y)
= −g(y) ,

then
(log p(y))′ = −g(y) ,

and it follows that
p(y) = c exp(−G(y)) .

4.1 Curie-Weiss Model
The Curie-Weiss model is a simple statistical mechanical model of ferromagnetic interac-
tion, where for n ∈ N, a vector σ = (σ1, . . . , σn) of “spin” in {−1, 1}n has joint probability
mass function

p(σ) = Cβ exp

(
β

n

∑
i<j

σiσj

)
,

where Cβ is a normalizing constant and β > 0 is known as the inverse temperature.

Theorem 14. The limiting distribution of
∑n

i=1 σi is

• If 0 < β < 1,
1√
n

n∑
i=1

σi
d→ N(0,

1

1− β
)

• If β = 1,
1

n3/4

n∑
i=1

σi
d→ Y ,

where Y has pdf f(y) = c exp(−y4/12).

Theorem 15. Let W = 1
n3/4

∑n
i=1 σi, and

W ′ = W − 1

n3/4
σI +

1

n3/4
σ′
I ,

where σ′
i | σj, j ̸= i

d∼ σi | σj, j ̸= i, then

• |W −W ′| ≤ 2n−3/4

• E(W −W ′ | W ) = 1
3
n−3/2(W 3 + O(1)√

n
)

• E
∣∣∣1− n3/2

2
E(∆2 | W )

∣∣∣ ≤ 8n−1/2
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4.2 Poisson Approximation
Let W ∼ P(λ), the Stein’s identify is

EWf(W ) = λEf(W + 1) ,

and the Stein’s equation is

λf(w + 1)− wf(w) = h(w)− Eh(Y ) ,

where Y ∼ P(λ) and w = 0, 1, 2, . . ..

Theorem 16 (Possion Convergence for Independent Random Variables). For each n let
Xn,m, 1 ≤ m ≤ n be independent random variables with P (Xn,m = 1) = pn,m, P (Xn,m = 0) =
1− pn,m. Suppose

(i)
∑n

m=1 pn,m → λ ∈ (0,∞)

(ii) max1≤m≤n pn,m → 0.

If Sn = Xn,1 + . . .+Xn,n, then Sn
d→ Z where Z ∼ P(λ).

But Chen-Stein method (Chen, 1975) can handle dependent cases, and one application
of Chen-Stein method is

Theorem 17 (Arratia-Goldstein-Gordon, 1989). Let I be an arbitrary index set, and for
α ∈ I , let ξα be a Bernoulli random variable with pα = P (ξα = 1) = 1 − P (ξα = 0) > 0. Let
W =

∑
α∈I ξα and λ =

∑
α∈I pα, then

|P (W ∈ A)− P (Y ∈ A)| ≤ 4(b1 + b2 + b3) ,

where Y ∼ P(λ), and

b1 =
∑
α∈I

pαpβ

b2 =
∑
α∈I

∑
α ̸=β∈Bα

E(ξαξβ)

b3 =
∑
α∈I

E |E {ξα − pα | σ(ξβ : β ̸∈ Bα)}|

A related open question is

Open Question 2. Can you find a "sufficient" condition, or computable estimator for

|P (W ∈ A)− P (Y ∈ A)|?
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5 Large Deviation
Theorem 18 (Cramér-Chernoff large deviation theorem). Let X,X1, . . . , Xn be i.i.d. ran-
dom variables with P (X ̸= 0) > 0 and let Sn =

∑n
i=1Xi. If

Eeθ0X <∞ for some θ0 > 0

then for every x > EX ,

lim
n→∞

n−1 logP

(
Sn
n

≥ x

)
= log ρ(x) ,

where ρ(x) = inft≥0 e
−txEetX .

Proof. Upper bound is easy. Note that

P

(
Sn
n

≥ x

)
= P

(
etSn ≥ etxn

)
≤ 1

etxn
EetSn

=
(
e−txEetX1

)n
,

it follows that

P

(
Sn
n

≥ x

)1/n

≤ inf
t≥0

e−txEetX1 .

For the lower bound, apply the conjugated method (change of measure).

Note 1 (Conjugated method, or change of measure). Letting eψ(θ) = EeθX , the basic
idea is to embed P in a family of measures Pθ under which X1, X2, . . . are i.i.d. with density
function fθ(x) = eθx−ψ(θ) with respect to P . Then for any event A,

P (A) =

∫
A

dP

dPθ
dPθ = Eθ

{
e−(θSn−nψ(θ))I(A)

}
,

since the Radon-Nikodym derivative (or likelihood ratio) dPθ/dP is equal to
∏n

i=1 fθ(Xi) =
eθSn−nψ(θ).
Theorem 19 (Radon-Nikodym Theorem). Let ν and λ be two measures on (Ω,F) and ν
be σ-finite. If λ << ν, then there exists a nonnegative Borel function f on Ω such that

λ(A) =

∫
A

fdν, A ∈ F .

Furthermore, f is unique a.e. ν, i.e., if λ(A) =
∫
A
gdν for any A ∈ F , then f = g a.e. ν.

The family of density functions fθ is an exponential family with the following properties:

EθX = ψ′(θ) , Varθ(X) = ψ′′(θ) .
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In particular, for A = {X̄n ≥ x} with x > EX , we choose θ = θx such that EθX = x,
and therefore x = ψ′(θ). For this choice of θ, which is often called the “conjugate method”,

Eθx

{
e−n(θxX̄n−ψ(θx))I(X̄n≥x)

}
= e−n(θx−ψ(θx))Eθx

{
e−nθx(X̄n−x)I(X̄n ≥ x)

}
= e−nI (x)Eθx

{
e−

√
nθx(

√
n(X̄n−x))I(X̄n ≥ x)

}
,

where
I (x) ≜ θxx− ψ(θx) = sup

θ
(θx− ψ(θ)) .

Introduce {Yi} independent,

P (Yi ≤ y) =
EeλXi1(Xi ≤ y)

EeλXi
.

Then

P (
∑

Xi ≥ y) =

(
n∏
i=1

EeλXi

)
E
(
e−λ

∑
Yi1(

∑
Yi ≥ y)

)
(6)

P ((X1, . . . , Xn) ∈ A) =

(
n∏
i=1

EeλXi

)
E
(
e−λ

∑
Yi1((Y1, . . . , Yn) ∈ A)

)
. (7)

Homework 4. Verify (6) and (7).
Note that

P (Yi ≤ y) = PYi((−∞, y]) =
EeλXi1(Xi ≤ y)

EeλXi

= EeλXi−ψi(λ)1(Xi ≤ y)

=

∫
fi(x)1(−∞,y](x)dPXi

where eψi(λ) = EeλXi , and fi(x) = eλx−ψi(λ) is the density function with respect to PXi
. Then

the Radon-Nikodym derivative is
dPYi
dPXi

= fi(x) ,
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then

P (Xi ≤ y) =

∫
dPXi

dPYi
1(−∞,y](x)dPYi

=

∫
e−(λXi−ψi(λ))1(−∞,y](x)dPYi

= eψi(λ)

∫
e−λx1(−∞,y](x)dPYi

= EeλXiEe−λYi1(Yi ≤ y) .

Since
d(PY1 × PY2 × · · · × PYn)

d(PX1 × PX2 × · · · × PXn)
=

n∏
i=1

dPYi
dPXi

=
n∏
i=1

fi(x) ,

then we have

P ((X1, . . . , Xn) ∈ A) =

∫
A

n∏
i=1

dPXi

dPYi
dPY1 × · · · × dPYn

=

∫
A

e−
∑n

i=1(λyi−ψi(λ))dPY1 × · · · × dPYn

= e
∑n

i=1 ψi(λ)

∫
A

e−λ
∑n

i=1 yidPY1 × · · · × dPYn

=

(
n∏
i=1

EeλXi

)
E
(
e−λ

∑
Yi1((Y1, . . . , Yn) ∈ A)

)
,

and it follows that

P (
∑

Xi ≥ y) =

(
n∏
i=1

EeλXi

)
E
(
e−λ

∑
Yi1(

∑
Yi ≥ y)

)
and

Eg(Yi) =
E[g(Xi)e

λXi ]

EeλXi

EYi =
EXie

λXi

EeλXi

Then

P

(
Sn
n

≥ x

)
=
(
EeλXi

)n
Ee−λ

∑
Yi1(

∑
Yi/n ≥ x)

≥
(
EeλX1

)n
Ee−λ

∑
Yi1(x ≤

∑
Yi/n ≤ x+ ε)

≥
(
EeλX1

)n
e−nλ(x+ε)P

(
x ≤

∑
Yi
n

≤ x+ ε

)
,
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then

lim inf P

(
Sn
n

≥ x

)1/n

≥ EeλX1e−λ(X+ε) ≥ EeλX1e−λx = inf
t≥0

e−txEetX1 .

A random variable Y is said to be have a stable distribution if for every integer n ≥ 1,

Y
D
=
Xn1 +Xn2 + · · ·+Xnn − βn

αn
,

where Xni are i.i.d. and αn > 0 and βn are constant.

6 Self-Normalized Large Deviation
Before considering the self-normalized sums, what if P (Sn/V 2

n ≥ x)? Note that

P

(
Sn
V 2
n

≥ x

)
= P (Sn − xV 2

n ≥ 0)

= P (
n∑
i=1

(Xi − xX2
i ) ≥ 0) ,

let Yi = Xi − xX2
i , which has a upper bound, and hence it has moment generating

function, then by Cramér large deviation theorem, for any x satisfies 0 ≥ E(X1 − xX2
1 ),

i.e., x > EX1/EX
2
1 and x > 0, we have

1

n
logP

(
n∑
i=1

(Xi − xXi)
2 ≥ 0

)
→ inf

t≥0
Eet(X1−xX2

1 )

Theorem 20. Assume that either EX ≥ 0 or EX2 = ∞. Let V 2
n =

∑n
i=1X

2
i . Then

lim
n→∞

P (Sn ≥ x
√
nVn)

1/n = sup
c≥0

inf
t≥0

e−tx
2

Eet(2cX1−(cX1)2)

for x > EX/(EX2)1/2, where EX/(EX2)1/2 = 0 if EX2 = ∞.

Proof. Main idea of its proof: change Vn to V 2
n .

Since for any positive numbers x and y,

xy = x
√
c
y√
c
≤ 1

2

(
x2c+

y2

c

)
=

1

2

c2x2 + y2

c
,

that is,
xy =

1

2
inf
c>0

(
c2x2 + y2

c

)
.

Thus we can write
x
√
nVn =

1

2
inf
c>0

(
c2V 2

n + x2n

c

)
.
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It follows that

P (Sn ≥ xVn
√
n) = P

(
Sn ≥ 1

2
inf
c>0

c2V 2
n + x2n

c

)
= P

(∪
c>0

{
2cSn ≥ c2V 2

n + x2n
})

= P

(∪
c>0

{
n∑
i=1

(2cXi − c2X2
i ) ≥ x2n

})
,

thus,

P (Sn ≥ xVn
√
n)

1
n ≥ sup

c>0
P

(∑n
i=1(2cXi − (cXi)

2)

n
≥ x2

)1/n

→ sup
c≥0

inf
t≥0

e−tx
2

Eet(2cX1−(cX1)2)

7 Self-Normalized Moderate Deviation
If EXn = 0, EX2

11(|X1| ≤ x) slowly varying, then ∀xn → ∞, xn = o(
√
n)

logP (
Sn
Vn

≥ xn) ∼ −x
2
n

2
.

A function L : (0,∞) → IR is said to be slowly varying (at ∞) if

lim
x→∞

L(cx)

L(x)
= 1 for all c ≥ 0 .

Proof.
Step 1 (Proof of the Upper Bound). Note that

P

(
Sn
Vn

≥ xn

)
≤ P

(∑
Xi,1

Vn
≥ (1− ε)xn

)
+ P

(∑
Xi,2

Vn
≥ εxn

)
, (8)

where the second term

P

(∑
Xi,2

Vn
≥ εxn

)
= P

(∑
Xi1(|Xi| > zn)

Vn
≥ εxn

)
≤ P

([∑
1(|Xi| > zn)

]1/2
≥ εxn

)
≤
(
3nP (|Xi| > zn)

ε2x2n

)ε2x2n
,
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where the first inequality is from the Cauchy-Schwarz inequality,

n∑
i=1

aibi ≤

√√√√ n∑
i=1

ai

√√√√ n∑
i=1

b2i ,

and the second inequality is based on the following lemma.
Lemma 2. If εi are independent, P (εi = 1) = pi and P (εi = 0) = 1− pi, then

P

(
n∑
i=1

εi ≥ x

)
≤
(
3
∑n

i=1 pi
x

)x
.

Since
P (|X1| ≥ zn) ≤

EX2
11(|X1| ≥ zn)

z2n
,

then
P (|X1| ≥ zn) = o

(
1

z2n

)
.

It follows that (
3nP (|Xi| > zn)

ε2x2n

)ε2x2n
=

(
o(1)n

ε2x2nz
2
n

)ε2x2n
≤ e−2x2n ,

which requires the assumption that
n

x2nz
2
n

≤ c . (9)

For the first term of (8),

P
(∑

Xi,1 ≥ (1− ε)XnVn

)
≤ P

(∑
Xi,1 ≥ (1− ε)xnVn, V

2
n ≥ (1− ε)n

)
+ P (V 2

n < (1− ε)n)

≤ P (
∑

Xi,1 ≥ (1− ε)3/2xn
√
n) + P (V 2

n ≤ n− εn) , (10)

where the first term

P
(∑

Xi,1 ≥ (1− ε)3/2xn
√
n
)
≤ exp

(
− x2nn(1− ε)3

2(n+ xn
√
nzn)

)
,

then we can choose zn such that xn
√
nzn ≤ εn and (9). Consider the second term of (10), by the

inequality for Yi ≥ 0,

P (
∑

Yi ≤
∑

EYi − x) ≤ exp

(
− x2

2
∑
EY 2

i

)
,
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then we have

P

(
n∑
i=1

X2
i ≤ n− εn

)
≤ P

(
n∑
i=1

X2
i 1(|Xi| ≤ zn) ≤ n− εn

)

≤ P

(
n∑
i=1

X2
i 1(|Xi| ≤ zn) ≤

∑
EX2

i 1(|Xi| ≤ zn)−
εn

2

)

≤ exp

(
− ε2n2

8nEX4
11(|X1| ≤ zn)

)
≤ exp(−2x2n) since EX4

11(|X1| ≥ x) = o(x2) ,

Step 2 (Main Idea of Proof for the Lower Bound). Note that

P (Sn ≥ xnVn) ≥ P

(
Sn ≥ 1

2

b2V 2
n + x2n
b

)
= P (bSn −

1

2
b2V 2

n ≥ 1

2
x2n)

= P

(∑
(bXi −

1

2
(bXi)

2) ≥ x2n
2

)
,

let ξi = bXi − 1
2
(bXi)

2. Apply change of measure technique, introduce independent random
variables ηi such that

P (ηi ≤ y) =
Eeλξi1(ξi ≤ y)

Eeλξi
,

then

P

(
n∑
i=1

ξi ≥
x2n
2

)
= [Eeλξi ]nEe−λ

∑
ηi1(

∑
ηi ≥

x2n
2
) .

More details can be found in Chapter 6 of Peña, Lai, and Shao (2008).

Note 2. difference between large deviation and moderate deviation

• classical limit theory: the probability events of the form {Tn > a} for constant a.

• large deviation: study events of form {Tn > a
√
n}.

• moderate deviation: study events of form {Tn > an} where an → ∞ but an = o(
√
n)

8 Cramér-Type Moderate Deviations
Question: Is 1− Φ(xn) close to P (Sn/Vn ≥ xn)? Or formally, is

P
(
Sn

Vn
≥ xn

)
1− Φ(xn)

→ 1?
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The following theorems provide some results.

Theorem 21 (Cramér, 1938). IfX1, . . . , Xn be i.i.d. random variables withE(Xi) = 0, E(X2
i ) =

σ2. If Eet0
√
X1 <∞ for some t0 > 0, then

P
(

Sn√
nσ

≥ x
)

1− Φ(x)
→ 1

as n→ ∞ uniformly in x ∈
(
0, o(n1/6)

)
.

Theorem 22 (Shao, 1999). If EX1 = 0, E|X1|3 <∞, then

P
(
Sn

Vn
≥ x

)
1− Φ(x)

→ 1

uniformly for x ∈
(
0, o(n1/6)

)
.

Proof.
Step 1. show P (Sn/Vn ≥ xn) ≥ (1− Φ(xn))(1 + o(1)).

Note that
xnVn ≤ b2V 2

n + x2n
2b

,

where the equality can be achieved if b = xn/Vn. The guideline of choosing b is to let it be a
constant instead of random variable, and be close to xn/Vn, thus let b = xn/

√
n (Here we assume

EX2
1 = 1). It follows that

P

(
Sn
Vn

≥ xn

)
= P (Sn ≥ xnVn)

≥ P

(
Sn ≥ b2V 2

n + x2n
2b

)
= P

(
n∑
i=1

(bXi −
1

2
(bXi)

2) ≥ 1

2
x2n

)

≜ P

(
n∑
i=1

ξi ≥
1

2
x2n

)
,

where ξi = bXi − 1
2
(bXi)

2.
Apply conjugate method (change of measure), let ηi be independent random variable such that

P (ηi ≤ y) =
Eeλξi1(ξi ≤ y)

Eeλξi
, λ > 0,

then

P

(
n∑
i=1

ξi ≥
1

2
x2n

)
=

n∏
i=1

EeλξiEe−λ
∑n

i=1 ηi1(
n∑
i=1

ηi ≥
1

2
x2n) .
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Choose λ such that
∑n

i=1Eηi is equal to or close to 1
2
x2n, and hence set λ such that Eη1 is close to

or equal to 1
2n
x2n = Eξ1eλξ1

Eeλξi
.

It can be calculated that

Eeλξ1 = 1 +
1

2
λ(λ− 1)b2EX2

1 +O(1)b3E|X1|3

Eξ1e
λξ1 = (λ− 1

2
)b2EX2

1 +O(1)b3E|X1|3 .

Thus, we can choose λ = 1, then Eη1 is close to 1
2
x2n
n

.
Back to

P (
n∑
i=1

ξi ≥
1

2
x2n) =

n∏
i=1

EeλξiEe−λ
∑n

i=1 ηi1(
n∑
i=1

ηi ≥
1

2
x2n) ,

let W =
∑n

i=1 ηi, then

Ee−λW1(W ≥ 1

2
x2n)

=Ee−λ(W−EW )e−λEW1(W − EW ≥ 1

2
x2n − EW )

=e−λEWEe−λ(W−EW )
1(W − EW ≥ yn)

=e−λEWEe
−λ
√

Var(W ) W−EW√
Var(W )1

(
W − EW√
Var(W )

≥ yn√
Var(W )

)
.

Claim that

|Ee−λ∗W ∗
1(W ∗ ≥ y)− Ee−λ

∗Z
1(Z ≥ y)| ≤ e−λ

∗
sup
z

|P (W ∗ ≥ z)− (1− Φ(z))| .

Adopting the technique of changing expectation to expectation,

Eg(X) = g(0) + E

∫ x

0

g′(t)dt = g(0) + E

∫ ∞

0

g′(t)1(t ≤ X)dt ,

we have

Ee−λ
∗W ∗

1(W ∗ ≥ y) = E

[(
λ∗
∫ ∞

W ∗
e−λ

∗tdt

)
1(W ∗ ≥ y)

]
= λ∗E

∫ ∞

−∞
e−λ

∗t
1(t ≥W ∗)1(W ∗ ≥ y)dt

= λ∗E

∫ ∞

y

e−λ
∗tP (W ∗ ≥ y,W ∗ ≤ t)dt ,

similarly,

Ee−λ
∗Z
1(Z ≥ y) = λ∗

∫ ∞

y

P (Z ≥ y, Z ≤ t)dt .
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Step 2. show P (Sn ≥ xnVn) ≤ (1− Φ(x))(1 + o(1)).
Inspired by the fact of the tail probability of Normal distribution, then

{Sn ≥ xnVn} ⊂
{
Sn ≥ 1

2

b2V 2
n + x2n − ε2

b

}
∪
{
Sn ≥ xnVn, Sn <

b2V 2
n + x2n − ε2

2b

}
.

To show the second term is smaller than the first term, note that{
Sn ≥ xnVn, Sn <

b2V 2
n + x2n − ε2

2b

}
⊂
{
Sn ≥ xnVn, xnVn <

b2V 2
n + x2n − ε2

2b

}
,

where

xnVn <
b2V 2

n + x2n − ε2

2b
⇒b2V 2

n + x2n − 2bxnVn ≥ ε2

⇒(bVn − xn)
2 ≥ ε2

⇒|bVn − xn| ≥ ε

⇒b2V 2
n − x2n ≥ ε(bVn + xn) or b2V 2

n − x2n ≤ −ε(bVn + xn)

We want to calculate

P (Sn ≥ xVn, b
2V 2

n ≥ x2n + εxn) = P (bSn ≥ x(b2V 2
n )

1/2, b2V 2
n ≥ x2n + εxn)

= P ((bSn, b
2V 2

n ) ∈ A) ,

where A = {(s, t) : s ≥ x
√
t, t ≥ x2n + εxn}. Apply Chebyshev’s inequality, we have

P ((bSn, b
2V 2

n ) ∈ A) ≤ E exp(λ1bSn − λ2b
2V 2

n )e
− inf(s,t)∈A(λ1s−λ2t) = −∞ .

The bound is useless, so we need some modifications.

{b2V 2
n − x2n ≥ εxn} ⊂ {b2V 2

n − x2n ≥ 2x2n} ∪ {2x2n ≥ b2V 2
n − x2n ≥ εxn} ,

then
inf

s≥x
√
t,2x2n≥t≥x2n+εxn

(λ1s− λ2t) = inf
2x2n≥t≥x2n+εxn

(λx
√
t− λ2t)

Prof. Shao shared a more general result

Theorem 23 (Jing-Shao-Wang (2003)).

P (Sn/Vn ≥ xn)

1− Φ(xn)
= 1 +O(1)

(1 + x3n)
∑n

i=1E|Xi|3

B3
n

for 0 ≤ x ≤ Bn

(
∑n

i=1 E|Xi|3)1/3
, where Bn = (ES2

n)
1/2 and |O(1)| ≤ C.
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Main idea behind its proof. Note that

xnVn ≤ 1

2

b2V 2
n + x2n
b

,

where the equality can be achieved if b = xn/Vn. Since B2
n ∼ V 2

n , choose b = xn/Bn.
Lower bound is OK due to

P

(
Sn ≥ 1

2

b2V 2
n + x2n
b

)
= P (

n∑
i=1

(bXi −
1

2
(bXi)

2) ≥ x2n
2
) .

Consider the upper bound,

P (Sn ≥ xVn) = P (Sn ≥ xVn,max |Xi| ≤ a) + P (Sn ≥ xVn,max |Xi| > a) ,

where the second term is bound by
∑n

i=1 P (Sn ≥ xnVn, |Xi| > a). Note that

{Sn ≥ xnVn, |Xi| > a} ⊂


∑

j ̸=iXj√∑
j ̸=iX

2
j

≥ (x2n − 1)1/2, |Xi| > a

 ,

then

P (Sn ≥ xnVn, |Xi| > a) ≤ P

 ∑
j ̸=iXj√∑
j ̸=iX

2
j

≥
√
x2n − 1

P (|Xi| > a) .

Theorem 24 (Shao and Zhou, 2016). If {ξi} are independent, Eξi = 0 and
∑n

i=1Eξ
2
i = 1,

then
P

( ∑n
i=1 ξi+D1√∑n
i=1 ξ

2
i (1+D2)

≥ xn

)
1− Φ(xn)

→ 1 .

Note 3. Prof. Shao also shared two suggestions about research with us:

• As long as your results are good, do not care much about the journal.

• The author order would be alphabetical in some fields, especially in the probability, so
do not care much about the order.

9 Self-Normalized CLT
Suppose X1, . . . , Xn are independent, EXi = 0, let Sn =

∑n
i=1Xi and V 2

n =
∑n

i=1X
2
i . The

classical CLT said that
Sn − an
bn

d→ N(0, 1) .
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The question is:
Sn
Vn

d→ N(0, 1) ?

Consider two special cases:

• If X1, . . . , Xn are i.i.d., then

Sn
Vn

d→ N(0, 1) ⇐⇒EX2
11(|X1| ≤ x) is slowly varying

⇐⇒max1≤i≤n |Xi|
Vn

p→ 0 .

• If X1, . . . , Xn are independent but symmetric, then

Sn
Vn

d→⇐⇒ max1≤i≤n |Xi|
Vn

p→ 0 .

But max1≤i≤n |Xi|/Vn
p→ 0 is not a sufficient for general case.

Theorem 25 (Shao, 2018). If

(i) max |Xi|
Vn

p→ 0

(ii)
n∑
i=1

(
E
(
Xi

Vn

)2)
→ 0

(iii)
n∑
i=1

(
Sn

max(Vn,an)

)
→ 0 where

n∑
i=1

E
(

X2
i

X2
i +a

2
n

)
= 1,

then
Sn
Vn

d→ N(0, 1) .

If (i) is satisfied, then (ii) and (iii) are necessary for self-normalized CLT.

Open Question 3 (Conjecture). (i)(ii)(iii) are necessary and sufficient for the self-normalized
CLT.
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